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ML Algorithm Pipeline

Training Data

General ML Algorithm Pipeline

> Learning Algorithm

=)

1. Build probabilistic models
2. Derive loss function (by MLE or MAP....)
3. Select optimizer

Target Function:
Predictor/Classifier/
Representation....



Regression Algorithms

Training Data . ' Predictor
{mz.7yi}?;1 > Learning Algorithm f X Y

Y eR

Linear Regression Pipeline

1. Build probabilistic models:
Gaussian Distribution + Linear Model
2. Derive loss function: MLE and MAP

3. Select optimizer
Necessary Condition vs. (Stochastic) GD



Binary Classification Algorithms

Training Data P Predictor
7 N t
{m7’7yz}?;1 earning gorithm f : X % Y
Binary Classification Y € {0,1}

Binary Logistic Regression Pipeline

1. Build probabilistic models:
Bernoulli Distribution + + Linear Model
2. Derive loss function: MLE and MAP
3. Select optimizer: (Stochastic) Gradient Descent



Classification Tasks
Feature, X Label, Y

Diagnosing sickle &/ O
cell anemia iy WG QO

Refund Marital Taxable
Status Income

Anemic cell
Healthy cell Ye {O’ 1}

E Y € {0,1}

Sports vy €{0,1,2,...,k}
Science
News

Tax Fraud Detection
No Married |80K

Web Classification

Airplane Y €{0,1,2,...,k}
Automobile
Bird

$ 4 81

Image Classification




Multiclass Logistic Regression Algorithms

Training Data
{wz’yz}gl

> Learning Algorithm

Classifier

f: X—=>Y



Multiclass Logistic Regression Algorithms

Training Data [l: ] . Classifier
c ing A it > .
{mz7yz}?;1 earning Algorithm f . X — Y

Multiclass Classification Y € {0,1,...,k}
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Multiclass Logistic Regression Algorithms

Training Data | | Classifier
{mi7yi}?;1 | Learning Algorithm f - X Y

Multiclass Classification Y € {0,1,...

Multiclass Logistic Regression Pipeline

1. Build probabilistic models
2. Derive loss function (by MLE or MAP)
3. Select optimizer



Probabilistic Model in Binary Classification:
Bernoulli Likelihood

ify=1
P 7 p € [0,1]
1—p ify=0

p(y) =p?(1 —p)' ¥

Qe



Probabilistic Model in Binary Classification:

Bernoulli Likelihood (1—)
p(y) =pY(1 —p)" ¥

p(y|z;0) = p(y = 1|07 z)¥{1 — p(y = 1/ 2)} 1)

o(z) +

[
VA

ply=1/0"Tz) =0(0"z) € [0,1]



Probabilistic Model in Multiclass Classification:
Categorical Likelihood

k
ply=i)=pi, Y pi=1, pi>0
=1

k
p(y) = ][ ¥
i=1
P = (p17p27 « o 7pk)

k
yz(y17y27"'7yk)7 yiEO,]-, Zyz=1
1-of-k code 1=1




Probabilistic Model in Multiclass Classification:
Categorical Likelihood

k
p(y) = sz-"

p = (p1,P2,-- -, Pk)

k
pI{67 2Y5) = [T pw: = 1167 2)¥
1=1




Softmax Parametrization
p(y: =116, z) € (0,1), Zp(yz =1/6;' z) =1

Positivity p(yz = ]_|0;rx) X exp(e;raf;)

Normalization p(y. _ 1|9T.’E) _ exp(H,&-Tac)

Zfﬂ exp(H;'_a:)



Multiclass Logistic Regression Algorithms

Training Data | | Classifier
{mi7yi}?;1 | Learning Algorithm f - X Y

Multiclass Classification Y € {0,1,...

Multiclass Logistic Regression Pipeline

1. Build probabilistic models
2. Derive loss function (by MLE or MAP)
3. Select optimizer



MLE

e Given all input data {z*, y*}™,

p(y'|6" ) Hp L =1]6" ")
e Log-likelihood

m k

60y =2 > yjlogp(y; =1/6"a")

=1 g=1



MLE

e Given all input data {z*, y*}™,

k
py'l0"") = ]]p

e Log-likelihood




MLE

e Given all input data {z*, y*}™,

y |0T i Hp _ 1|9sz)y;
e Log-likelihood

m k

) = ZZy; log p(ys = 1|8'z") cross-entropy

=1 g=1




MAP

.
o Likelihood p(y = jlz,0) = exp(Oj )

SF exp(6] z)
e Prior p(0) o< exp(—A||6]|3)

max log p(6|{z',y'}},) = log L(6) + log p(f)

m k

m k
=3 "N yio e — Y 1og Y exp(6, z') — A6
=1 e=1

i=1 j=1



Logistic Regression is a Linear Classifier

e Decision boundaries for Logistic Regression?
o At the decision boundary, label 1/0 are equiprobable.

1 1
Py =1[x,0) = T P(y =0[x,0) = 5 A
to be equal: e_oTx = eeTx, whose only solution is fTx = 0.
A
‘ + 0
.. .o “ 4
v/ = Decision boundary is linear. N i
NS *
v = Logistic regression is a probabilistic linear classifier. = 4
___ :_— \\\ 9 X = O




Multiclass Logistic Regression is a Linear Classifier

e Decision boundaries for Multiclass Logistic Regression?

3-Class classification (shrink_threshold=None)

v = Decision boundary is linear. |

v = Multiclass Logistic regression is a probabilistic linear classifier.




Multiclass Logistic Regression Algorithms

Training Data P Predictor
i ivm > Learning Algorithm )
{‘,L. 7y }'i:]_ f . X _) Y
Binary Classification Y € {0,1}

Multiclass Logistic Regression Pipeline

1. Build probabilistic models
2. Derive loss function (by MLE or MAP)
3. Select optimizer



Select Optimizer

m k m k
= ZZy OT 4 ZlogZexp(@cTa:i)
c=1

i=1 j=1 i=1

e Necessary Condition

e (Stochastic) Gradient Descent



Necessary Condition?

exp(Oij)

p(y = jlz,0) =
( z,0) Zle exp(6, x)

m k
108 20 — S 3 oy} = 1la, 0))e

=l =1

Nonlinear Equation!
Does NOT admit a closed-form solution



Gradient Calculation of MLE

m k

m k
max log L(6 Z Z y; 6!zt Z log Z eXP(ecTCUi)
i—1 c=1




Gradient Calculation of MAP

m k

k
meaxlogL Z Zy;QT b — ZlogZexp(QZmi) - AHHH%
=1 c=1

i=1 j3=1

810gL L
ZZ yJ = 1|z%,0))z" — 2)0

=l =1




(Stochastic) Gradient Descent

e |Initialize parameter §°

m k

o't — o' + nZZ(y; —p(y;- = 1|z, 0))2’ {—ZAHJ

i=1 j=1



Multiclass Logistic Regression Algorithms

Classifier

Training Data | i
.. > Learning Algorit
{mz7yz}?;1 earning Algorithm f X 53 Y

Multiclass Classification Y € {0,1,...,k}
Multiclass Logistic Regression Pipeline

1. Build probabilistic models:
Categorical Distribution + Linear Model
2. Derive loss function: MLE and MAP
3. Select optimizer: (Stochastic) Gradient Descent



Naive Bayes Classification

Training Data [l: P Classifier
. . t .
{mz7yz}?;1 earning Algorithm > f . X — Y

Multiclass Classification Y € {0,1,...,k}
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Naive Bayes Classification

Training Data . Classifier
==l :‘|> Lo Al .
{m,L,yz}?;l earning gorlt m f . X % Y

Multiclass Classification Y € {0,1,...

Gaussian Naive Bayes Pipeline

1. Build probabilistic models
2. Derive loss function (by MLE or MAP)
3. Select optimizer



Bayes' Rule

T
Softmax in Multiclass p(yi — 1|92Tw) _ kexp(gz' SU)
Classification Zi:l eXp(H;r:E)
likelihood Prior
P(ylx) = Pixly)P(y) _ P(xy)
. PO, 2,P(xy)

\

posterior normalization constant



likelihood Prior

Bayes’ Rule \ /

_ P(zly)P(y)  P(=z,y)
P(K"'”)‘ Pl) 5. P(y)
< .

postenor normalization constant
Prior: P( ) = (my, T2, .. Z'/rz—l mi >0
Likelihood (class conditional d|str|but|on p(z|y) = N(z|py, Zy)

P(y)N(wlﬂya Z\y)
>y PY)N (z|py, Zy)

Posterior: P(y|z) =



Decision with Bayes’ Rule

e The posterior probability of a test point
glz) i=Ply =1)z) =

e Bayes decision rule:
o If g(x) > gj(x) then y =i, otherwise y = j

P(z|y)P(y)
P(z)

e Alternatively:

o If ratio I(z) = & —~ > —< then y = i, otherwise ¥ = j

i)’
()

o Or look at the log-likelihood ratio h(z) = In
g;(z)




Naive Bayes

Training Data . Classifier
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{m?’,yz}gl earning gorlt m f . X % Y

Multiclass Classification Y € {0,1,...

General ML Algorithm Pipeline

1. Build probabilistic models
2. Derive loss function (by MLE or MAP)
3. Select optimizer



MLE of Naive Bayes

0=[u,Z,7), Z=4/(2m)P det(Z)
p(z'ly; = 1,0) = % exp (—%(m" — i) B (@ - uj))

k
P(y) 7r=(7T1,7T2,...,7rk), Zﬂ-izlaﬂ-izo
=1



MLE of Naive Bayes

0=[u,Z,7), Z=4/(2m)P det(Z)
3 PR 1 1 ) T —1 7
p(z'ly; = 1,0) = Zexp ( —5(2" — ) T; (2" — )
k
P(y) 7r=(7T1,7T2,...,7rk), Zﬂ-izlaﬂ-izo
=1

log L(6) = log p(z,y|0)



MLE of Naive Bayes

0=[u,Z,7), Z=4/(2m)P det(Z)
.- 1 . e
p(z'ly; = 1,0) = — exp (—5(56z e G .Uj))
log L(6) = log p(z,y|0) = log p(y|#) + log p(z|y, 0)

log L(0) = ZZy; log ; — Zlogz Rt ZZyJ(w ,Uj)TEj_l("Ei )

i=1 j=1 7,1]1

[ Want arg max log L(6) subject to Z_:Wj = 1}




MAP of Naive Bayes

p(0) o exp(—A|0]3)
log L(6) = log p(z,y|0) = log p(y|6) + log p(z|y, 6)

max log p(6|{z',y'};",) = log L(6) + log p(6)



Naive Bayes

Training Data . Classifier
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Multiclass Classification Y € {0,1,...

General ML Algorithm Pipeline

1. Build probabilistic models
2. Derive loss function (by MLE or MAP)
3. Select optimizer



Select Optimizer

i 1 T T
yjlogwj—logZ—§ZZyj(a: —,uj)TEjl(a: — ;)

i=1 j=1

N k N ok
i=1 j=1
e Necessary Condition

e (Stochastic) Gradient Descent



Gradient Calculation of MLE

Take derivative w.r.t g

O

Olog L _ _Zy-




Necessary Condition for MLE

Take derivative w.rt I;! (not Tz )

Note:

OlogL OlogZ 1
- Zyk [_ Py

B . 1l

N i/ i
o _ 2 (@ — ) (2 — )
- T
Zizl Yy




Necessary Condition for MLE

Take derivative w.rt I;! (not Tz )

Note: 9 det(A)
9A

det(A™!) = det(A4)*

— det(A)A™"

oz' Ax _ T
0A
' =3

N
dlogL ;| OlogZ, 1, i T| _
ot =tk |t 3¢ e )| =0



Necessary Condition for MLE

Zp = \/(ZW)D det ()

OlogZ, 1 0z, D/zﬁdet(Zlgl)*lﬂ

= (27) P72 det(Z},) V2 (2n)

a5t Zyon ! o%, !

1 1
= det(X,1)"? ( 5) det(3;,") 7/ det(T, )Tk = —5 %k

Olog L

82—;1_ Zykl Ek——m _.Uk)(mi_.uk)T =0

N i/ i
Y, — zz‘=1 yk(f’j — i) (x —.uk)T
— T
Zz’:1 Yy




Necessary Condition for MLE

Use Lagrange multiplier to derive g,

OL(0) 0> . Tk
A
O - Ok

|
:O:>)\:—Zy,i—
i—1 Tk

N
>im1 Yk
A

T — —

APP'y constraint: Zvrk —1=\=-N
k

N i
e — 2i=1 Yk
N




Naive Bayes

Training Data . Classifier
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Multiclass Classification Y € {0,1,...

Gaussian Naive Bayes Pipeline

1. Build probabilistic models: Gaussian Likelihood
2. Derive loss function: MLE or MAP
3. Select optimizer:Necessary Condition

K}
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HW 2 is out
Due: Feb 17th
Team Formation Due: Feb 10th



