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ML Algorithm Pipeline

Training Data

General ML Algorithm Pipeline

> Learning Algorithm

=)

1. Build probabilistic models
2. Derive loss function (by MLE or MAP....)
3. Select optimizer

Target Function:
Predictor/Classifier/
Representation....
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Multiclass Logistic Regression Algorithms

Classifier

Training Data | i
.. > Learning Algorit
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Multiclass Logistic Regression Pipeline

1. Build probabilistic models:

Categorical Distribution + Linear Model
2. Derive loss function: MLE and|MAP
3. Select optimizer: (Stochastic) Gradient Descent




Softmax Parametrization
p(y: =116, z) € (0,1), Zp(yz =1/6;' z) =1

Non-negativity p(yz = ]_|0;rx) X exp(e;rx)

Normalization p(y; = 1|9T ) = exp(HZ-Tx)

Zle exp (6, )
probabilistic p(yl{ng} 1) — Hp — 1|0;|_x)yz

model



MLE

e Given all input data {z*, y*},, derive likelihood

p(y'10" ') Hp { = 1|07 2)Y
e Log-likelihood

m k

) = ZZy; log p(ys = 1|8'z") cross-entropy

=1 g=1




MAP

.
o Likelihood p(y = jlz,0) = exp(Oj )

SF exp(6] z)
e Prior p(0) o< exp(—A||6]|3)

max log p(6|{z',y'}},) = log L(6) + log p(f)

m k

m k
=3 "N yio e — Y 1og Y exp(6, z') — A6
=1 e=1

i=1 j=1



(Stochastic) Gradient Descent for MAP

e |Initialize parameter §°

m k
6" 6 ) Y (y; —ply; = 1[2",6))a’ —2)0

i=1 j=1




Naive Bayes Classification

Training Data . Classifier
P > Learning Algorithm .
{3’) Y }?;1 'f X — Y

Multiclass Classification Y € {0,1,...

Gaussian Naive Bayes Pipeline

1. Build probabilistic models
2. Derive loss function (by MLE or MAP)
3. Select optimizer



Bayes' Rule

0.1
Softmax in Multiclass p(yz. — 1|‘9z'T33) _ eXP( i SU)

Classification Zr’;:l eXp(HzTCE)

_ P(zly)P(y) __ P(z,y)
P(z) 2. P(z,y)




Bayes’ Rule

| P(z]y)P(y)

P(z,y)

P(z)

~ 3, P(z,)



Bayes’ Rule

P(zly)P(y)|  P(z,y)
P(K"'”)‘ P(x) Y. P(ay)

posterior
Prior: P(y) T = (m1,T2,...,Tk), Zmzl,mZO
i=1

class conditional distribution : p(a:|y) - N(£U|,Uy7 Zy)




Bayes’ Rule

P(z|y)P(y) P(z,y)

P(y|z) = .
posterior
Prior: P(y) m=(m,me...,m), » mi=1m>0
i=1
class conditional distribution : p(z|y) = N(z|py, Xy)

Posterior: P(y|z) = S PN (|, Ty
y Yy 2y




Decision with Bayes’ Rule

e The posterior probability of a test point

P(z|y)P(y)

qz(ﬂi') = P(y = ’L|$) . P(a:)

e Bayes decision rule:
o If g(x) > gj(x) then y =i, otherwise y = j




Decision with Bayes’ Rule

e The posterior probability of a test point

P(z|y)P(y)
P(z)

gi(z) := P(y = ilz) =

e Bayes decision rule:
o If g(x) > gj(x) then y =i, otherwise y = j

e Alternatively:

o Ifratic I(z) = l]:(:dy =) p Ply =j) then y = 1, otherwise ¥y = J

(zly =J)  Ply=1)’

qi()

o Or look at the log-likelihood ratio h(z) = In
g;(z)




Naive Bayes Classifier

Training Data . Classifier
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Multiclass Classification Y € {0,1,...

General ML Algorithm Pipeline

1. Build probabilistic models
2. Derive loss function (by MLE or MAP)
3. Select optimizer



MLE of Naive Bayes Classifier

0=[u,Z,7), Z=4/(2m)P det(Z)
p(z'ly; = 1,0) = —;— exp (—%(m" — i) B (@ - uj))

P(y) T = (m1,m2,. .., k), Zm;:l,m-ZO



MLE of Naive Bayes Classifier

0=[u,Z,7), Z=4/(2m)P det(Z)
i), 1 1. T—1(,
p(z |yj:179): A _‘2'(m — W) 25 (" — pj)
k
P(y) T = (m1,m2,. .., k), Zmzl,mZO
i=1

log L(6) = log p(z,y|0)



MLE of Naive Bayes Classifier

0=[u,Z,7), Z=4/(2m)P det(Z)
. 1 . e
p(a'ly; = 1,0) = — exp (—5(56z —15) 2 et — .Uj))
log L(6) = log p(z,y|0) = log p(y|#) + log p(z|y, 0)

log L(0) = ZZ% log ; — ZlogZ Rt ZZyJ(w ,u'j)TEj_l(wi )

i=1 j=1 7,1]1

[ Want arg max log L(6) subject to Z_:%- = 11




MAP of Naive Bayes Classifier

p(0) o exp(—A|0]3)
log L(6) = log p(z,y|0) = log p(y|6) + log p(z|y, 6)

max log p(6|{z',y'};",) = log L(6) + log p(6)



Naive Bayes Classifier

Training Data . Classifier
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Multiclass Classification Y € {0,1,...

General ML Algorithm Pipeline

1. Build probabilistic models
2. Derive loss function (by MLE or MAP)
3. Select optimizer



Select Optimizer

i 1 T T
yjlogwj—logZ—§ZZyj(a: —,uj)TEjl(a: — ;)

i=1 j=1

N k N ok
i=1 j=1
e Necessary Condition

e (Stochastic) Gradient Descent



Gradient Calculation of MLE Z =/ (2m)P det(Z)

N k

Take derivative w.r.t g ZZyJ logm; —log Z — = ZZyJ Tt — ;) TE H(z' — )

i=1 j=1 lel

0log L
oJ1 Z 72 m — b)) =0 %(x -5)'W(x-s) = -2W(x-s)



Gradient Calculation of MLE Z =/ (2m)P det(Z)

N k

Take derivative w.r.t g ZZyJ logm; —log Z — = ZZyJ Tt — ;) TE H(z' — )

i=1 j=1 lel

0log L
— 0
IR Z U D (2 — ) =

N i i
o Zi:l YL
K — N

D i yi:




Necessary Condition for MLE

Take derivative w.r.t E,;l (not X ) z_ \/(27‘.)D det (%)
Note:
OlogL OlogZy 1, i T
ot Zy’“ [_ ozt a0 M )
adet(A) -T
— A)A
54 det(A)
dlogZ, 1 8Z 0 det(z, ") V2 = = —~
8(;? lk _ Z_kaz—kl _ (271')_D/2 det(zk)-1/2(2ﬂ_)D/2 eég%l) det(A ) — det(A)
) . ox' Az -
= det(2;1)Y? ( 5) det(2. )2 det(2. 12 = —5 % 0A v

¥ =»



Necessary Condition for MLE

Take derivative w.rt I;! (not Tz )

Note:

OlogL OlogZ, 1, . ;
ST = Zyk [— B (@ — ) (@ — )T

)3 ) 2

N i (i i
o _ 2z U@ — (@ — )"
k s N ’i
Zizl Yy




Necessary Condition for MLE

Take derivative w.rt I;! (not Tz )

Note: 9 det(A)
9A

det(A™!) = det(A4)*

— det(A)A™"

oz' Ax _ T
0A
' =3

N
dlogL ;| OlogZ, 1, i T| _
ot =tk |t 3¢ e )| =0



Necessary Condition for MLE

Zp = \/(ZW)D det ()

OlogZ, 1 0z, D/zﬁdet(Zlgl)*lﬂ

= (27) P72 det(Z},) V2 (2n)

a5t Zyon ! o%, !

1 1
= det(X,1)"? ( 5) det(3;,") 7/ det(T, )Tk = —5 %k

Olog L

82—;1_ Zykl Ek——m _.Uk)(mi_.uk)T =0

N i/ i
Y, — zz‘=1 yk(f’j — i) (x —.uk)T
— T
Zz’:1 Yy




Necessary Condition for MLE

N k P .
7 ]_ . i ) i
Use Lagrange multiplier to derive g, Y ) yilogm; —log Z — 522%(9«“ ) TE e — )

i=1 §=1 e

OL(6) , |\ OX,m

= 1
=0= A= — i L
oy, Oy ;ykﬂk

N
2i=1 g
A

7Tk:_

APP'y constraint: Zvrk —1=\=-N
k

N i
N




Naive Bayes Classifier
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Gaussian Naive Bayes Pipeline

1. Build probabilistic models: Gaussian Likelihood
2. Derive loss function: MLE or MAP
3. Select optimizer:Necessary Condition

K}



Discriminative vs. Generative Classifier

P(z|y)P(y) _ _P(z,y)

P(ylz) = =
Discriminative Generative
e Directly estimate decision boundary #(z) = -ln%Z e  Estimate the probabilistic generative
or posterior distribution p(ylz) mechanism  p(zly)P(y)

® ) or f@=rly=1) s a function of #, and
o Does not have probabilistic meaning
o Hence can not be used to sample data
points

e Derive decision boundary through Bayes’ rule



Discriminative vs. Generative Classifier

_ _ 1
Binary p(y — 1|$7 0)  14exp(—0Tx)
Logistic Regression

MOTR LY G p—— ICTAES

l4exp(—0Tz)  l14exp(—60Tx)

Gaussian e P(z|y)P(y) _ P(z,y)
Naive Bayes Classifier B P(z) Zy P(z,y)
_ P(y)N (z|py, Zy)




Posterior of Gaussian Naive Bayes Classifier

p(aj?y — 1) _ 7T1N($|:U’17Z)

p(z,y =0)+p(z,y=1) mN(z|u,X) +mN(z|u1, %)



Posterior of Gaussian Naive Bayes Classifier

p(z,y =1) _ mN (|1, )
p(z,y=0)+p(z,y=1) mN(z|uo,X) + mN(z|m, X)

{1+ Dexp |50 — ) = o - ) + 5o - ) S o ) }

T 2 2
70 1 T =
= {1 + exp llog — (o — ) Bz 4 (g T po - ufElul)] f
1
1

1+ exp(—0'z — b)



Posterior of Gaussian Naive Bayes Classifier

p(aj?y — 1) _ 7T1N($|:U’17Z)

p(z,y =0)+p(z,y=1) mN(z|u, =) +mN(z|u1, %)



Decision Boundary Gaussian Naive Bayes Classifier

p(z,y =0) =p(z,y = 1)

1 1

log m — 5(33 - Ml)Tzfl(fB — Ml) = log mp — 5(33 - Ho)Tzal(CE — Mo)

z' (7 =0z — 2 (i B7' — o Zot) @+ (1o Bo o — py By p) = C

=z Qr—2b'z+c=0

The decision boundary is a quadratic function. In 2-d case, it
looks like an ellipse, or a parabola, or a hyperbola.




Depending on the Gaussian distributions, the decision boundary can be very
different

3o X 4

gi()
g;(z)

Decision boundary: h(x) = —In —0



Gaussian Naive Bayes vs. Logistic Regression

Set of Gaussian
Naive Bayes parameters
(feature variance independent
of class label)

Number of parameters

e Naive Bayes: 4D +1

o When all random variables are binary

&

Set of Logistic
Regression parameters

o 4D +1 for Gaussians: 2D mean, 2D variance, and 1 for prior

e logistic Regression: D

© 01702)""9D

e where D represents the number of features in the input data.




Gaussian Naive Bayes vs. Logistic Regression

Set of Gaussian
Naive Bayes parameters
(feature variance independent
of class label)

e Estimation method:

&

Set of Logistic
Regression parameters

o Naive Bayes parameter estimates are decoupled (easy)

o Logistic regression parameter estimates are coupled (less easy)




Gaussian Naive Bayes vs. Logistic Regression

Set of Gaussian

Naive Bayes parameters <:> Set of Logistic
(feature variance independent Regression parameters
of class label)

e Representation equivalence (both yield linear decision boundaries)
o But only in special case (GNB with class-independent variances)
o LR makes no assumptions about P(X|Y) in learning

o Optimize different functions -> Obtain different solutions



Gaussian Naive Bayes vs. Logistic Regression
e Asymptotic comparison (# training examples — infinity)

e When model assumptions correct

o Naive Bayes, logistic regression produce identical classifiers

o Naive Bayes converges faster

e When model assumptions incorrect
o logistic regression is less biased - does not assume conditional independence
o logistic regression has fewer parameters
o therefore expected to outperform Naive Bayes

Ng, Andrew, and Michael Jordan. "On discriminative vs. generative classifiers: A comparison of logistic regression and naive bayes." Advances in neural
information processing systems 14 (2001).



Gaussian Naive Bayes vs. Logistic Regression

Exploration Unlabeled Data

P(z|y)P(y)
P(z)

P(ylz) =

P(z) =) P(z|y)P(y)

Yy



Gaussian Naive Bayes vs. Logistic Regression

Exploration Unlabeled Data

P(z|y)P(y)
P(z)

P(ylz) =

P(z) =) P(z|y)P(y)

Yy

MLE max log Py(z) = log )~ P(x]y)P(y)
Yy



Gaussian Naive Bayes vs. Logistic Regression

Exploration Unlabeled Data

P(z) = P(ely)P(y) = X, PYIN(z|ny,Xy)

MLE max log Py(x) = log ) _ P(z|y)P(y)

Gaussian Mixture Model!



ML Algorithm Pipeline

Training Data

General ML Algorithm Pipeline

> Learning Algorithm

=)

1. Build probabilistic models
2. Derive loss function (by MLE or MAP....)
3. Select optimizer

Target Function:
Predictor/Classifier/
Representation....



Q&A



